Abstract. We show that the complete information about the amount of entanglement carried by a bipartite pure state of any dimension (qubits, qutrits, etc), is determined by a local quantity that can be measured for either party of the system. This quantity is expressed in terms of averages of certain basic observables. In particular case of two entangled photon beams, this corresponds to the measurement of three Stokes parameters for either beam. The recent success in practical realization of quantum key distribution (see [1] [2] [3] and references therein) has been achieved through the use of specific quantum correlations between the parties in two-qubit systems. These correlations are peculiar to entangled states.
The recent success in practical realization of quantum key distribution (see [1] [2] [3] and references therein) has been achieved through the use of specific quantum correlations between the parties in two-qubit systems. These correlations are peculiar to entangled states.
Further development of practical implementations of quantum information technologies requires simple physical measure of the amount of specific entanglement information carried by a given bipartite state. For two qubits, this quantity is expressed in terms of concurrence C [4] , which is widely used as a measure of entanglement.
The two representations of concurrence valid for pure states, that have been obtained in Refs. [4, 5] , express C(ψ) in terms of complex coefficients of the bipartite state ψ that hardly can be measured.
The aim of this note is to show that the amount of entanglement contained in a bipartite pure state ψ can be measured locally in terms of the length of a certain vector with components given by averages of local basic observables. We prove universality of this measure for bipartite pure states of an arbitrary dimension. We consider a symmetric bipartite system with states defined in the Hilbert space
A normalized pure state of such a system has the following form
According to Ref. [5] , the corresponding concurrence is
where ρ r denotes the reduced density matrix (see also Ref. [6] ). It is has been known since pioneering works by Bell [7] that the quantum entanglement manifests itself by means of local measurements of certain observables performed at both parties of the system.
Generally speaking, definition of a quantum mechanical system assumes specification of both the Hilbert space of states and the basic observables that are allowed for obtaining information about the states [8] . Basic observables X i are found by examining the dynamic symmetry of the quantum system under consideration. Namely, they form an orthogonal basis of the Lie algebra L such that the corresponding Lie group is [9, 10] 
For example, a qubit is specified by states in the two-dimensional Hilbert space with the symmetry given by the dynamical group G = SU (2) and basic observables provided by the three spin operators S x , S y , S z , forming a basis of the L = su(2) algebra. A qutrit is defined by states in the three-dimensional Hilbert space with dynamical symmetry SU (3) and basic observables given by eight Gell-Mann matrices (orthogonal basis of the su(3) algebra) [11] , and so on.
Below in this note we show that the amount of entanglement carried by the state (1) can be measured by means of the squared length of the vector
in the Lie algebra L, in other words, by means of the local quadratic form
To clarify physical meaning of this measure, consider first the case of two qubits (d = 2), when (4) can be associated with the squared length of average spin vector
Operational Measure of Entanglement 313 belonging to either party of the system. An indisputable advantage of the measure (5) is that it is directly expressed in terms of averages of observables of only one party rather than via the complex coefficients of bipartite state ψ like in the case of conventional representation of concurrence for two-qubit pure state [4] 
where [ψ] is the (2 × 2) matrix of complex coefficients in the right-hand side of Eq.
(1) with d = 2 and = 0, 1. Note that despite the local character of the reduced density matrix ρ r , the representation of concurrence (2) again expresses C(ψ) in terms of complex coefficients ψ in (1).
In Ref. [12] , we have proposed another representation of concurrence (2) in terms of the total uncertainty of measurement of basic observables (spin operators) for both parties
Here
is the total variance (uncertainty) peculiar to the state ψ. Its maximal value corresponds to the completely entangled (CE) states, while the minimal value corresponds to unentangled (separable) states [10] . In Ref. [12] , equivalence of representations (2) and (7) has been shown in the case of two qubits. We first show that the concurrence (7) can be expressed in terms of the measure (4) in either party of the system and hence has the local nature. Then, in Appendix, we prove equivalence of measures (2) and (7) for the state (1) with an arbitrary d.
Note first that in the case of symmetric bipartite systems under consideration, the form (4) for a given state ψ has the same value for both parties. For the algebras of observables su(d) under consideration, there is the Casimir operator (c-number)
Hereafter the notation C H is used for both the Casimir operator and its norm. The total variance (8) can now be represented as follows
The completely entangled states ψ CE obey the condition [10, 13, 14] ψ CE |X i |ψ CE = 0 for all X i ∈ Basis(L)
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and hence realize maximum of the total uncertainty:
For example, in the case of two qubits C H = S(S + 1) = 3/4, so that V max = 3/2 and also it is easy to check that V min = 1.
It is now seen that the concurrence (7) can be rewritten in the following way
where ψ sep denotes separable bipartite states. Since R 2 (ψ sep ) is a known number for any d (for example, R 2 (ψ sep ) = 1/4 for separable two-qubit states), the representation of concurrence (10) is specified by only one local parameter (4). The representation of concurrence (10) is equivalent to (7) for any d, which, in turn, is equivalent to (2), at least in the case of two-qubit pure states [12] . Postponing the proof of equivalence of the two representations (10) and (2) till Appendix, we concentrate now on the important case of two qubits. It is easily seen that R 2 (ψ sep ) = 1/4 in this case, so that Eq. (10) takes the form
The amount of specific entanglement information carried by quantum correlations between the parties in a two-qubit system is given by the entanglement of formation [4] 
where
It is now seen that this quantity (11) is simply expressed in terms of the local quantity R(ψ) as follows
In other words, the amount of entanglement information is determined by deviation of the length of vector R(ψ) from its value in the case of separable states. This equation (12) also shows that the local quantity R(ψ) itself represents a measure of entanglement. In the case of two qubits under consideration, this quantity is defined by Eq. (5) and hence has a simple physical meaning of sum of squared mean values of spin-projection operators. An important application for the case of two qubits is provided by the polarization of photon twins (biphotons) that are created by the type-II down-conversion [15] . The spin operators S j can be associated with the Stokes operators
so that the measurement of either concurrence (10) or entanglement of formation (12) assumes measurement of three Stokes operators for either outgoing photon beam. Here a H (a V ) denotes the photon annihilation operator with horizontal (vertical) polarization. The polarization of photons is known to be measured by means of either standard six-state or a minimal four-state ellipsometer [16] . Nevertheless, there is a certain problem with simultaneous measurement of polarization for one of the two photons created at once and forming an entangled couple. Because of the commutation relation
the three projections of spin (or three Stokes operators) cannot be measured independently. The minimal uncertainty relation by Schrödinger [17] states
where V (ψ; S j ) denotes variance (uncertainty) of observable S j in the state ψ and covariance Cov(S j , S k ) has the form
It is straightforward matter to see that the uncertainty relation is simply reduced to the following one
where R(ψ) is defined by Eq. (5). Thus, the uncertainty relation (14) becomes an exact equality when ψ = ψ sep with R(ψ sep ) = 1/2. In other words, this is an unentangled biphoton state in which each photon has well-defined polarization.
In the case of completely entangled biphoton state, the quantity (5) has zero value (due to the condition (9)). In this case, the measurement performed on a single photon rises an additional question: how to distinguish between entanglement and classical unpolarized state.
Since Eq. (15) is the only relation, connecting different components of the average spin vector in either party, the local quantity (5) cannot be detected by either single or even two measurements.
Summarizing, we have shown that concurrence (2) can be expressed in terms of only local quantity (4), measured for either party of the system. In other words, any party of a composite system carries complete information about the amount of entanglement caused by quantum correlations between the parties. The rigorous proof of equivalence of representations (2) and (10) for an arbitrary d is given in Appendix.
The preponderance of the measure (4) is that it expresses the amount of entanglement in an operational way via averages of physical observables rather than in terms of complex coefficients of the state (1).
According to our result, the concurrence is characterized by deviation of the local quantity R(ψ) from its value measured for a separable state. This deviation is associated with increase of total uncertainty in the system with respect to "classical" level given by unentangled states. Representations of concurrence (10) and (7) reflect the physical nature of entanglement as manifestation of quantum uncertainty above the "classical" level provided by the separable states (for discussion of entanglement in the context of quantum uncertainties, see Ref. [10] and references therein).
Generally speaking, detection of the quantity (4) assumes measurement of all averages ψ|X i |ψ . The practical realization of those measurement even in the simplest case of two qubits requires special consideration.
We have considered measure of entanglement of only bipartite pure states. The possible extension of the result to the case of multipartite pure states and bipartite mixed states seems to be an interesting problem for further discussion.
Appendix
Our aim is now to prove that the representations (2) and (10) or (7) give the same amount of entanglement for pure states of a bipartite system of an arbitrary dimension d. It seems to be convenient to prove validity of these two representations in general settings without specification of parties of the system. It is seen from Eq. (10) that operational representation of concurrence depends on the state ψ only via quadratic form R 2 (ψ) given by Eq. (4). Consider the space Herm(H) of all Hermitian operators in H with trace metric Tr H (XY ). Let ρ L be the orthogonal projection of ρ ∈ Herm(H) onto subalgebra L ⊂ Herm(H), so that Tr
as one of the unit base vectors X i ∈ L (a basic observable). The remaining base vectors are orthogonal to ρ L , so that
The invariant trace form which appears here is proportional to the Killing form
with coefficient D H known as the Dynkin index (concerning Killing form and Dynkin
Operational Measure of Entanglement 317 index, see Ref. [18] ). Now, the total uncertainty (8) can be represented as follows
where C H again denotes the Casimir operator. For the Lie algebra L under consideration, the coefficients C H and D H are given by the following equations
where λ denotes the highest weight of irreducible representation H and 2δ is the sum of positive roots of L. In general, the Lie algebra L splits into direct sum of simple components L = j L (j) and every its irreducible representation H decomposes into the tensor product H = j H j of irreducible representations L (j) : H j . Under this setting, the Casimir and Dynkin index can be found from the following additivity property
In the case of bipartite systems under consideration, index j = A, B, dim H A = dim H B , and the dynamic symmetry group G = SU(H A ) × SU(H B ). The corresponding Lie algebra L = Lie(G) consists of the operators 2 , given by Eq. (2) and the normalized total uncertainty
have equal values for separable (unentangled) and completely entangled states, they are identical. Q.I.D.
